1. Let E be a totally-disconnected compact set in the z-plane and let Ω be its complement with respect to the extended z-plane. Then Ω is a domain and we can consider a single-valued meromorphic function w = f(z) on Ω which has a transcendental singularity at each point of E. Suppose that E is a nullset of the class W in the sense of Kametani [4] ( -the class N<$ in the sense of Ahlfors and Beurling [1]). Then the cluster set of f(z) at each transcendental singularity is the whole w-plane, and hence f(z) has an essential singularity at each point of E. We shall say that a value w is exceptional for f{z) at an essential singularity CE£ if there exists a neighborhood of C where the function f(z) does not take this value w.
1) Ω ni . 1 ' DΏ n for every n, 2) for each n, the boundary BΩ n of Ω n consists of a finite number of closed analytic curves, 
. ,N(n)).
We shall use in the sequel the graph associated with {Ω n } in the sense of Noshiro [9] , Let u(z) -\-iv(z) be the mapping function of Ω -Ωo onto it and let R be its length. 3 '
Let γ r be the niveau curve u(z) = r {0<r<R) on Ω. The niveau curve γ r consists of a finite number of simple closed curves γ r ,k (k = 1, 2, . .
. t n(r)).
We 
. , N(n)) branches off into at most p domains
Rn+i.m, we say that the exhaustion {Ω n ) branches off at most p-times everywhere.
Now we state our theorem.
THEOREM 1. Let E be a totally disconnected compact set in the z-plane and let Ω be its complementary domain. If there exists an exhaustion {Ω n } of Ω which satisfies the conditions 1), 2), 3) and 4) stated above, branches off at most p-times everywhere and has the graph satisfying the condition that
lim μ(r) = + oo, r-*R then every function which is single-valued and meromorphic in Ω and has an 21 We denote the complement of a set A with respect to the extended complex plane by %'A. 3 ) Cf. K. Matsumoto [7] , §2. In the case where p = 1, E consists of just one point and hence our assertion is true from Picard's theorem. We shall give a proof only in the case where p = 2. In the same way, we can prove in general cases.
4. Before proving the theorem, we give two lemmas. We shall consider the Riemann sphere Σ with radius 1/2 touching the w-plane at the origin. For w and w' in the w -plane we denote by Lw, tυ f l the chordal distance between them, that is, Further we denote by C(w δ) (δ>0) the spherical open disc with center at w and with chordal radius δ.
Let w=zf(z) be a single-valued meromorphic function in an annulus 4 > We shall see in the proof of the theorem that E is a null set of the class W and hence every transcendental singularity of single-valued meromorphic functions in Ω is always an essential singularity. 
Therefore we have
The left side shows the length of the image curve f(\z\ = ^μ /2 ), and hence the diameter of the image of \z\ ~ e μ/2 by f(z) with respect to the metric \dw\, consequently with respect to the chordal distance, is dominated by ( 
Then every function, which is single-valued and meromorphic in Ω = ΊoE and has at least one essential singularity in E, omits at most three values in Ω at each essential singularity.
Carleson proved in his paper [3] the same assertion under a stronger condition lim ^-^= + 00. n^o o log n As he remarked there, there is a set E of positive capacity because E is of capacity zero if and only if 7. In our paper [7] , we showed, by using its Theorem 1, that there is a set E such that all f(z) possessing E as the set of essential singularities have at most three exceptional values and some one of them indeed has just three exceptional values at each point of E. But the condition
Π5-»<?>-< + «,,
)->co r which gave at that time some difficulties in constructing E, is unnecessary as we saw above and so for each p^2we can give easily in the similar manner https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0027763000011090
a set E such that all fiz) have at most p exceptianal values and some one of them indeed has just p exceptional values.
8. In the last section we shall be concerned with single-valued meromorphic functions which have as the set of essential singularities a set E satisfying the conditions of Theorem 1 for p -2 and have three exceptional values at a point CeE. We begin with Proof. Contrary, suppose that f(z) takes a value w 0 outside U C(wi δ) at two points 2ΈJ and 2"GJ.
We can join WQ to Ciwi \ δ) and Ciw t δ) of fiz) at an essential singularity C e E is an asymptotic value at C or there is a sequence {C n } of points of E such that lim C n = C and oc is an asymptotic Obviously C e Z? and has the property stated in the theorem. Our proof is now complete.
The fact in the above proof that for any δ>0, there is Δp tQ such that three discs C(wi δ) contain the images of its three boundary components one by one implies by Lemma 3 the following theorem under the same conditions as 
